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Introduction

With the development of electronic technology balance
models are becoming more common in the practice of economic and
statistical calculations. Balance models are widely used in many
countries in solving the tasks of economic analysis, statistics,
planning and forecasting. An actual task of finding a balance model
in economics, statistics, and the results of its solution are stated. This
paper presents a solution to this task for several kinds of
mathematical model of input-output balance of production.

Materials and methods of research

The input-output model is the basis for many linear
production models. Let us consider the economic system consisting
of n branches, each branch producing only one product. Currently,
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the economic abstraction is understood as the industry, not
necessarily existing as some organization, such as a trust,
association, etc. Such an idealization allows carrying out a
sufficiently detailed analysis of the current technological structure of
production and distribution.

Let x (i=12 ..nj=12 ., n)denote the value of
interbranch flows, i.e. the volume of produce of the i - industry used
by j - branch. Let ,, denote the value of the final product. Final
products include items for personal and public non-productive
consumption, as well as investment funds. Let s, denote the value

of net product. Net product includes amortization, labor costs, the
surplus product. These values are entered in the input-output tables.

Depending on the units we distinguish the natural and the
input-output cost balance.

Consumers 12n Final Gross
Producers output output
1 X1 X2 X0 Rgl X

2, X21X22X5), V2 X

E EEEEE. E E

n X1 X2 X R X
Net output 515,58, Y )
Gross output LN D Y

Each row of the table corresponds to the balance of
production, namely the volume of production of this type. The
system of balance equations for the production is as follows:

X X, XY =X

1) L+l ++1,, +y, =x,

.EEEEEEEEEEEE.
X+ Xy Fen X, +V, =X,.

nl

The system of balance equations of consumption is as
follows:

Xpg +Xp FoH X, +5 =X

2 o+l ++1 45, =x,
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xln + X2rr +.. +xt7u
This relation immediately implies the following equation:

(©) N
Zy, Z s
Equation (3) means that the total volume of the final
product is equal to the total volume of the net product.
Technological matrix and its properties. Let us assume
that the costs of the industry are proportional to its production
volume:

7 X, =a,x G.j=12,...,n)

i g

The coefficients of proportionality a, are called the

+5, =X,.

coefficients of direct costs. The economic meaning of coefficients of
direct costs is as follows: for the production by the j- sector one unit
of the j-product a, = ounits of the i -product produced by i - of the
industry are required.
The expanded form of (7) is as follows:
X, =da; X, +da;,,x, +...+ a,,x, +

®8) Xy =AyX) + Ay Xy +.c.+a,, X, + 1y

xn = anl
The system (8) is a mathematical model of the input-output

balance of production.
The technological matrix (matrix of the direct costs of

production) is a matrix composed of the coefficients of direct costs:

X; A, X, + .+, X, + Y,

Ay G e Ay,
(10) A= Ay A Aon
a a a

The matrix A is an existing structure of interbranch
relations, existing technology of public production.

Balance Equation of Leontiev. The matrix of gross output
is a column vector consisting of the values of the gross output of
each industry:

(11) X,
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The matrix of the final product is a column vector
consisting of the values of the final product of each sector:
pgl

(12) y_| >

p

With the notation of (10) - (12) the system (9) adopts the
following matrix form:

(13) X =AX +Y

We solve the system (13) with respect to the matrix X . Let
us forge out the X. In this way,

(15) (E-A)x =Y

Equation (15) is called the balance equation of Leontiev.

Is there always a solution of equation (15)? To answer this
question we introduce the concept of the productivity of the matrix.

The productivity of the technological matrix. The matrix
A is called productive if there is a column vector x> 0 for which the
inequality:

(16) AX < X

is correct.

If A is a technological matrix, then

2a|;xl
;

AX = Z"WC
<
za,,,x,
<

This matrix expresses the total costs in the manufacturing
sector.

The matrix of the full costs of production. From the
matrix equation (15) we can easily find the sought vector X. To do
this, multiply both left parts by the matrix (E—A)" Weget

(20) X =(E-a)'y.
The matrix of full costs is
(21) B=(E-A)-1

Using this matrix, the equation (20) can be written as
follows:
(22) X =BY.
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Thus, knowing the full costs matrix and the matrix of the
final product, we can find a matrix of gross output. This way you can
find other models.

The aim of this paper is to: determine that this model allows
the calculation of the balance between several interacting branches, it
can be easily summarized for economic organization, for example, to
calculate the balance between several interacting enterprises or
between units of the company (for example, workshops of the
factory).

Results and discussion

How does the volume of gross output alter after the
changing of the final output? To answer this question, let us consider
two column vectors. Let Y* denote the optimized vector of the final
product:

u
and through 1Y - the vector of changes of the final product,
compared with the planned vector Y:
Ay,
Ay,
AY = V2 .
Ay,
Consequently,
yi+ Ay,
Y ovaeAy |2
Vi +AY,
Equation (22) with respect to the optimized values x* and
Y™ takes the form
X" =BY"
or
X +AX = B(Y + AY),
Conclusions
Having expanded the brackets, we get
X + AX = BY + BAY

Regarding equation (22) with respect to the planned units
X and Y we end up with the equation

39



4th the International Conference
on Social Science and Humanity 2015

(32) AX = BAY.
The system allows to determine the change in the volume of
gross output of industries through the given change in the volume of
the final product, and then, using the formula, to calculate the
optimized vector of gross output.
Example.
1.Comprise balance equations of production.
Such equations are expressed in a system of linear algebraic
equations (8), which in this embodiment take the following form:
0,5x, +0,1x; +2,1 = x,
0,6x, +........ +63=x,
0,3x, +0,2x; +5,5=x,
2.Find planned volumes of gross output.
At first, we form the matrix E - A:

1 0 0 0 05 0.1 1 -0.,5

Then, to fimd drkdn §ros9 |fifue® let Bs brify this|systef to al
canonical form, i.e\t0 th&forin)(19).0 0.3 0.2 4] -0.3

x, —0,5x, —0.1x, = 2.1
—0,6x, +x; =63
—0,3x, +0,8x; = 5,5
Let us solve the system using the Gauss-Jordan method.
The sequence of transformations of the augmented matrix of the
system, performed in Excel, is presented below in the tables.

1,000 -0,500 -0,100 2,100

-0,600 1,000 0,000 6,300

0,000 -0,300 0,800 5,500
And so on

1,000 0,000 0,000 | 9,113

0,000 1,000 0,000 | 11,768

0,000 0,000 1,000 | 11,288
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Thus, the planned gross output vector X with respect to the
planned final output Y is:
9,113
X =|11,768 |

11,288
3. Let us calculate the matrix of the full costs of production.
Let us invert the matrix E - A using a well-known scheme:
\E-A4—=(E-4) = (E-A4)" = (E-4)"\|E- 4|

Below is the sequence of matrix inversion in Excel:
1 -0,5 -0,1
Root matrix -0,6 1 0

0 -0,3 0,8

0,8 0,48 0,18
Joined matrix 043 08 0,3

0,1 0,06 0,7

0,8 0,43 0,1
Conjugated matrix 048 08 0,06
018 03 0,7

Determinant 0,542

Thus, the matrix of the full cost of production is as follows:
1,476 0,793 0,185
1 -(0.886 1476 0,111
0,332 0,554 1,292
Let us check the correctness of inversion performed with a
package of symbolic computations in Maple 9:
>M:= matrix (3,3,[1,-0.5,-0.1, -0.6, 1, 0, 0, -0.3, 0,8]);
1 -5 -1
M =|-.6 1 (0]
0 -3 08
>evalm(1/M);
1.476014760 0.7933579336 0.1845018450
0.8856088561 1.476014760 0.1107011070
0.3321033210 0.5535055351 1.291512915
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With the help of the found matrix of the full costs of
production let us check the equation(22):

>B:=matrix(3,3,[1.476, 0.793, 0.185, 0.886, 1.476, 0.111,
0.332, 0.554, 1.292]);

1.476 0.793 0.185

B=(0.886 1476 0.111

0.332 0.554 1.292

>Y:=matrix(3,1,[2.1, 6.3, 5.5]);
2.1
Y =163
55
>evalm(B & =Y);
9.1130
11.7699
11.2934
5.Let us calculate the matrix of the full costs of resources.

In accordance with the formula (31) we find
01 32 12

1,476 0,793 0,185
57 29 0
S=RB= -1 0,886 1,476 0,111|=
V] 0 45
0,332 0,554 1,292
0 64 0

3,381 5,467 1,924
10,983 8,801 1,376
1,494 2,493 5814
5,670 9,446 0,710

Now we check the correctness of matrix multiplication in
Maple 9:

>R:= matrix(4,3,[0.1, 3.2, 1.2, 5.7, 29, 0, 0, 0, 45,
0,6.4,0]);

0.1 32 1.2

57 29 0
R:=
(0] (0] 4.5
(0] 6.4 o

>B:=matrix(3,3,[1.476, 0.793, 0.185, 0.886, 1.476, 0.111,
0.332, 0.554, 1.292]);

1.476 0.793 0.185
B:=]0.886 1476 0.111
0.332 0.554 1.292
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> evalm(R&*B);

3.3812 5.4673 1.9241
10.9812 8.8005 1.3764
1.4940 2.4930 5.8140
5.6704 9.4464 0.7104

8.Find the optimal amount of the final output.
The problem is solved by means of using the Excel dialog

The following is a working field and optimization results.

And so on.
Results.
As a result, we obtain the following table:

Input-output balance table

filial 1 | filial 2 | filial 3 | Final Gross
product product
filial 1 0 5,625 1,222 1,464 8,311
filial 2 4,987 0 0 6,263 11,25
filial 3 0 3,375 2,443 6,398 12,217
Net 3,324 2,25 8,552 14,126 31,778
product
Gross 8,311 11,25 12,217 | 31,778
product
Final product optimization
Y1 Y2 Y3 stock | limit.
R1 5,04 6,12 3,06 | 98,00 | 98,00
R2 8,90 10,14 14,23 | 180,00 | 180,00
R3 9,39 5.63 2,82 | 140,00 | 140,00
R4 7,41 4,45 5,06 130,00 | 114,20
profit 9,10 8,00 5,20
plan 10,50 | 6,72 1,30
goal 156,00
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